',,‘:' IR v
il PN
A

Ny
R
P
a4

»,‘.\

T ey
AT

.
. )

A major purpose of the Technu-«
cal Information Center is to provide
the broadest dissemination possi-
ble of information contained In
DOE’s Research and Development
Reports to business, industry, the
academic community, and federal,
state and local governments.

Aithough a small portion of this
report 1S not reproducible it ‘is
heing made available to expedite

the availability of information on the
reseaich discussed herein.

1



W Rty Ll oragt fy s o Pt Sy tne Linetsy of ©antarn o fat

-
'AI'

e Ut States Depuretr

nre

NEUTRONITCS COMPETATTONAL AFPLHTCATTONS OF STYMMETRY ALGKE

VW 0L P NG

BRAY

LA-UR--89-439

DE89 007760

Roww E.’\\'HII', = ho

Fnvapecrine Conpatatron and Baliat pon Shireldaon e,

Mgl 1 pana ant o ke NN,

DISCL AIMER

The rpwert was prepared s ccount o worh spemsored by agemey of e T omited Shates
Conrrnment Neither the U onded SGes Genere anent mor ans sgeiy thereod et any ol then

rmplaces makes any warranty express o anphied o asamies v teyal ligisn v o iespuonag

s b the wvorac s amipleteness o ousebulines of oo astoimation gpparatus preadnet o
prra s b baed o represents that e use wonld not toage prsaely owned nghts Reter
cone heren ey spweotie commerol prodne b provess o weesse by tnale name teademark
manut ntater e atheraine dhoes ot ae=sgnly cohitate o ampdy s emdoevement ooom
wendation o Pvenng Voothe rated States Coaoneenpient o ans agemsy thereed Tl wms
md aprens o e expressed herein b mot necessanly cate o retlecr thowe ol the

Poted States Gronernnient o any agencs theer ol

Wy [ o Ao, Nothonal ol
! o e Ao Mo M o

Fooceodine s b V0 Topae ol "o o Ndve e o Hae e

ol lony,

|l"l/" l'l‘l

L


About This Report
This official electronic version was created by scanning the best available paper or microfiche copy of the original report at a 300 dpi resolution.  Original color illustrations appear as black and white images.



For additional information or comments, contact: 



Library Without Walls Project 

Los Alamos National Laboratory Research Library

Los Alamos, NM 87544 

Phone: (505)667-4448 

E-mail: lwwp@lanl.gov


NFUTRONICS COMEUTATIONAL APPLICATIONS OF SYMMITRY ALGERRAS

Rov A. Axtor:d
Los Alamos Nationai Laboratory, Los Alamos, N. M. B7%45
University of I1linoia at Urbhana-Clampairn
10V S, Goodwin, Urbna, Illinoils 61RO

ARSTRACT
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or-der osvaetenm af oo Set ot tarat o or der o ditcerential o invarllants ot the proeny od

prant tradrcdormat e that s aimitte ! Ly e sveter.s A secend computat toanoal
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tions.

Adtiticnal discassions of doul le sweep alporithoms aypear
In Section 31 ot reference 3 Goléanl and Fomin shon how
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an elementarv two-group example. In the case of a sphere with radiug, R,
spatially uniform properties and spatially uniform sources in the both the
fast and slow enerpy gproups, the fast proup scalar flux obtained directlv
from (50) and (51) with clementary closed-form inteprations is

Y

y, = (Slllslbl)ll - R sinh(l]lx)/x sinh(l’-]k)]. (5%)

and the slow flux obtained directly from (%3) and (5%4), also with elementary
closuvd-form inteprations, is

"
v S, ] R s:nh(Hzx) , 0(1==2) bl [1 + “1 R sxnh(nzx)
e | —— - -
- 2 2 2 2 2
BSD, x sinh(B L) R.D, DD B, - By x sinh(B R,
A’ . ‘ )
_ HJ E slnu(le (H0)
11 -lﬂ x shnKH]H)

when Dirichlet boundarv conditions are applied on the outer surface. Multiple
repion solutions with pilecewisce constant propertics can e obtained analvtical-
ly in the same wav. With an obvious interpretation of the sources, § , the
double sweep alporithm that is detined by (00)-(5%) can aiso he .'lpp'lk'wl 1o th
determination of the offective multiplication tactor of an assembly with the
source iteration method,

GROUY i NVARTANT DIFFERTNCE SCHFMES

Bevanc e o the many analopies between ditferential and difference equations,
e notian ol proup invariant ditterence scheme s arises goite naturally in the
sense that Jditference egquations formilated to provide solutions of difteren
tial cquations should have the same invariance propertices as the difterential
cpuations themselves, An oo b to formulating proup invariant difference
equations is discuased in this section. The objective is to transter invari
ance propertics of the <olutions of svatems of ditfevential cquations to their
finite difference sinulation:.

Althouph ditference equations with the same invatiance propertices a+ their
cortesponeihing, differential equations are called "jovariant difference sohemes”,
there are Jifferent definitions of wnat is actuaily meant by oan invar iant
Mitterence sohiemes In reference 14 Shokin defines a difference schepse 1o bae
invatiant under a groupr of point trat cformations i1 s it differential
_.‘hllllllll_:‘:_i_l_l_l_-l!_il_l!ll admits thin proup. However, Shokin's def 'lll-'l-li_'.l_l_l “l_il_'l—l—i‘_'-_ 1t

the actions of the pra’onpaticn. of the pronp pencrators is on the wpace wheeoe
toordinates include the independent and dependent cariables, the independent
var iable prid spacings, amd all denavatives ap to ordetr one pgreater than ap
pear an the svatem of lifterential equaticns, Conseguently, Shokin®n defant
tion of an javariant difterence soheme can not Tewd to cxact ditference cqua
tions whone exact nroluntions aprec with the exact solutions of the difteren
tial equaticns simalated an dnvar pance af the Dot dofterential approsimat ion
doce not necessarily dmply invitiance ot all hipgher order diflerential appros
fmationd, Even thouph Shokin's detainitjon of an invariant dafference soliom
Coca ot vield exacl ditference equations, 10 does produce sapnilicant v o

proved ifterence equations for selvang the o donamicn equations a- e



cussced in reference la.

A second definition of an invarian® difference scheme is that a difference
scheme is said to be invariant under a group of point transformations if it
admits the prolongation of the group to the prid point values that appear s
unknowns in the difference equatiois. This definition implies that the pro-
longations of the group generators act on the space whose coordinates are the
independent variables and the dependent variables evaluated at the prid points,
Also, this definition, ‘:hich introduces a new type of prolonpation, is cap-
able of producing exact ditfeorence equations.

To construct explicitly invariant second order ditference equations for the
syttem (24), it is necessary to determine the prolonpations of the vectm
fields (27) to the dependent variables evaluated at x+41 and at x-1. We denote
these prolonpations by

G G
(2m \ . .
: | B \ y

m Ls - \l',h a\,' (x) * 2_, /l-_:;('”av (xt1)
'-‘-1 [H [ 1 "
G
! 2’1 ’n-..s('”av'_(x-n i
P '

in which the comidinate functions, o1y and 7 (- 1), tor the dependent van
iables with displaced atpaments can i foum! in ¥
the sth intinitesimal transformation,

voaollowing wav. We oxtend

x x ¥ Ba X (X.v,...0,y.), (K
H & l G
T’l_(i) v'_(x) + (S-Il Y l(x,\'l,....\'(_). ()
fo
PRy oy b, 7 410 (L
But x
FGo) v (o oY ke (01
" J — o
k1
The kth order derivative transforms grcording to
l)k\' (x) llkv (x) ¢+ Ha \'“"), (6. )
Ar X RN
wher o
()
Y h v yv' b X, ('
" LT I NN
(r) Lo .
o h Y( ! v(') DY o tor F 2,0, (I
I L [] AN

Flon subetatanting (59 aned (67 into (61, it o foued that

1)
v (vl O SN I B I Y | \ \“.‘/I". (60
B I NP l;._l. re



Comparing (€0 and (65) vields

k=1
for the sth basis transformation in a meltijparameter pgroup. In a similar way
it can be shown that

3¢

N k (k)
S sy e ST o Y e (07
i P pa i

kol

In the case of evolutionary vector tielis (X 00 the kY order derivative oeo-
. . . hat
ordinate functions simplitv to

(k) Kk
Y ' = DY , (0~
i X P

so that (66 and (67) become
PO S D S O W I (s

Accordingly, the vector tield prolonpations (5)7) can be expressed as

. G
1) : .
P l Ny wa o NT Y ke
3 —_— v — v (i
P v no b
[

With the porclonpaaaons G007 tha det o trors of wWhoa' v meant b g Lo ar an!
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Similar resnlts can be derived in the same way for spherical and evlintii ul
peometries by thinking of scecond order derivatives in terme of three-point
central difference formulace and fir.t order derivatives in terms of two-peint
central difference formulae, It is of interest to nete that, in the limit of
very smill mesh spacing, G =], so that (K1) and (8 redoace to difference
equations obtained with stindard three-point ditference formlac tor second
order derivatives, in this limit.

It m Yue he poted that the diference equations (RD-(RY) are acourate cven
for oten, I fact, they arte oxact. 11 can be thown directly that the
exatt su,utiens of (BY) and (KD can bhe pxpressed as
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for the cate of N ospatial intervals and Dipachle! bonndary coplitions on tie
antoer smfare, The exart selutyons (RO gnd CB7) of the ditferenec e equat iog.
(BY) aned (R apgter with t1e exant solutions ol the two pronp il fyniog egug
tiops When these are evaluated at the prad points of the Dinite ditterenoe ey,

CONCLITTONS

Fie avmmetsy alpebhran and therr coprespondyng rroups of poant tranc{format e

have been determned tor o wvatems of o sesond order it ferential equat jens ol th
IV enomaterel an vatton, apiroximittans of Uthe neuatpon transport egoal tony,

whielh b Dande, byt are net Timpre?! te, the ol eup it tanion equat e )
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"involve these systems can bLie solved wit!h, doulle sweep alporithmn that can be
motivated, formulated, and simplificed with a knowledpe of their svmmetry al-
gebras. The concept of invariant systems of difterence equiations has been in-
troduced, and it has been shown lLuw symmetry alpoebras can be usel to con-
s5truct srts of difference equatitns that are also exwt.
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